Crop water production function is the relationship between obtained marketable yield and the total amount of water used by plant through evapotranspiration. Different mathematical expressions have been derived from field experiments to predict yield knowing water use. Such expressions provide a powerful tool in water allocation optimization. However these functions are commonly confused with the relationship between available water and crop yield. This paper reviews functions that describe crop water production, the context they can be used for, and their strength and weakness.
Introduction

Crop Water Production Function
Water demand is increasing with urban and industrial growth. In many basins, all available sources of water are already developed and under use. Therefore, cities and industries look to agriculture for obtaining new water. With the transfer of agricultural water away from farms, crop production must be done under water scarcity. Crop response to water shortage is yield reduction. Yield reduction is followed by reduction in farming revenue, which jeopardizes the rural economy (Pritchett, Thorvaldson, & Frasier, 2008) . To predict the gravity of these changes, yield reduction due to water shortage must be quantified. Moreover, at the farm level, water can be used for production of different crops with different water requirements, yield productions, and yield prices. Water can also be used for other on-or off-farm activities. Therefore, optimizing water allocation in order to generate the maximum economic benefit from this limited resource becomes desirable.
Yield response to water can be explained by deriving crop water production functions (CWPFs). The CWPFs can be derived through expert opinion, field experiment, statistical analysis of survey data, or mathematical simulations based on observations (Young & Loomis, 2014) . The result can be presented as a mathematical function, table, or graph. The functional form is preferred by engineers and water planners because it can be directly used in optimization problems and decision support systems. This paper reviews the mathematical expressions developed to date that explain CWPF.
Terminology and Concepts
The total crop water requirement is the maximum amount of water that a crop can use productively when the soil water content is not limiting (Brouwer & Heibloem, 1986) . Crops mainly need water for cooling purposes; most of the root's water uptake is released back to the atmosphere through transpiration, and only a negligible fraction is retained for crop growth. In field experiments, partitioning transpiration from soil water evaporation is difficult. Therefore, in practice, evapotranspiration (ET) is measured or calculated. Evapotranspiration is the combination of two separate processes whereby water is lost from the soil surface by evaporation and from the crop by transpiration (Allen, Pereira, Raes, & Smith, 1998) . Therefore, "crop evapotranspiration" and "crop water requirement" are terms used interchangeably (Schneekloth & Andales, 2009) . Any amount of available water beyond ET is not consumed by the crop; therefore, CWPF is defined as the relationship between the obtained marketable yield and the total amount of water used by the crop through ET (Doorenbos & Kasssam, Since saving irrigation water is desired in water management, many researchers have tried to relate the amount of irrigation to yield. Results of such works are not applicable to other places, and are hardly even useful for future growing seasons in the same location because the amount of rainfall changes from year to year and location to location and because different soil types hold different amounts of water. Others have related amount of soil available water to yield. However, available water includes loss terms, which vary for different soils, field slopes, irrigation systems, and farm management practices. The useful practice would be relating yield to ET. Previous research shows that yield and ET are well-correlated and ET (i.e. water) is the main input to yield production (Tanner & Sinclair, 1983) , unless soil malnutrition is severe or pests and diseases are not controlled.
Irrigation is a way to supplement the water needs of crops and obtain higher yields. In times of scarcity, deficit irrigation or "the deliberate under-irrigation of the crop" (English, 1990) can be practiced. It is an on-farm strategy to cope with water scarcity. In this practice farmers save water by accepting some yield reduction. The promise is to use the saved water for other uses (Fereres & Soriano, 2007) and increase the net economic income for example by increasing the land under cultivation (English & Raja, 1996) or leasing water to off-farm demands. One reason for developing CWPFs is to be able to regulate deficit irrigation. For example Institute of Agriculture and Natural Resources in University of Nebraska-Lincoln have developed "Water Optimizer", a decision support tool for farmers. The tool is developed for Nebraska's conditions and uses CWPFs to define water allocation in order to obtain maximum economic benefit from available irrigation water. Another similar tool is "Crop Water Allocator" from Kansas State University which is developed for Kansas State Climate and crops (Klocke, Stone, Clark, Dumler, & Briggeman, 2006) . Both tools are free and available online.
In deficit irrigation both amount and timing of water stress are important because some crop growing stages are more sensitive to water shortage than others. The main crop growing stages, according to FAO33, are initial (from planting to 10% ground cover), vegetative (from 10% to 70% ground cover), reproduction (flowering and yield formation), and maturation (yield ripening). The initial and reproduction stages are particularly sensitive to water stress. During the initial stage crop is using water for germination and water shortage will prevent some of the seeds to germinate, reducing crop stand per area and severely affecting final yield. Water deficit during reproductive stage reduces number of grains and grain weight, therefore, decreases the yield (Tolk & Howell, 2003; Zhang, 2003; Payero et al., 2005) . The damage of water stress during these stages cannot be compensated later on. Therefore, CWPF models must include this aspect of yield-ET relationship.
Evolution of Crop Water Production Function Models
De Wit's Equation
In the first half of the twentieth century, scientists tried to find the relationship between yield and water use by growing plants in containers. According to Vaux and Pruitt (1983) the containers were covered to prevent evaporation from the soil surface and were weighed to define the transpiration. Analyzing these early studies, de Wit (1953) found a linear relationship between transpiration and total dry matter production as illustrated in Equation (1):
Where, P is total dry matter production in kilograms per hectare;
T is total transpiration during crop growing season in centimeters;
E o is average free water surface evaporation rate during growing season in centimeters per day; m is a crop factor having dimensions of kilogram per hectare per day.
appreciably when water is not limited and:
Then, the crop factor n has dimensions of kilograms per hectare. So he presented the general equation as:
Where, x = 1 and y = m for locations with a large percentage of bright sunshine, and x = 0 and y = n in locations with small percentage of bright sunshine. He speculated that x can fall between zero and one for some climates but did not have enough data to prove it. Factors m and n depend only on the type of crop, provided that the soil nutrient level and/or soil excess water content are not hampering crop growth. Therefore, de Wit concludes that the same equations can be used for crops grown in the field.
Although de Wit's method was used for modeling plant yield as influenced by water (for example see Hanks, 1974) , it has two main limitations. First the equation calculates total biomass production while only the marketable yield is interesting in an economic analysis. Besides, as mentioned earlier, separating crop transpiration from soil evaporation is not straight forward (Kool et al., 2014) and instead crop ET is defined. Therefore, this method is not used in practice. Later research showed that y is not just crop dependent; experiments with corn gave different values of y for the same experimental treatments (Tanner & Sinclair, 1983) . Moreover, some growing stages are more sensitive to shortage of water, but this method does not account for the effect of water stress timing. Nevertheless, de Wit's method is a valuable first step in quantifying yield-water relationship.
Jensen's Equation
In another approach Jensen (1968) related water stress to yield as follows:
Where,
Y a is the actual crop yield;
Y m is the maximum crop yield when soil water is not limiting;
ET a is the actual crop evapotranspiration;
ET m is the crop evapotranspiration when soil water is not limiting;
i is the crop growing stage; λ i is the relative sensitivity of the crop to water stress during the stage of growth i (unitless);
n is the number of growth stages.
Inclusion of the maximum yield and the maximum ET, accounts for climate and soil variability so the sensitivity factor, λ, only depends on the type of crop. A greater λ represents more sensitivity to drought. The equation accounts for sensitivity of the crop to different growing stages. Jenson considered three stages (emergence to boot, boot to milk, and milk to harvest) for sorghum, but in an experiment, the growing season can be divided into any number of stages to define desired λ values. Because of the multiplicative structure of the equation, when ET a is zero in any one stage, the yield will be zero. Zero ET a means the crop is not transpiring and is dead, hence not producing yield. In his paper, Jensen used the term "water use" instead of ET. This may be why some researchers, have used available water in Equation (4) rather than ET while calculating λ for different crops (such as Nairizi & Rydzewski, 1977) , which is not proper.
Crop relative sensitivity, λ, has been defined by experimentation for sorghum (Jensen, 1968) , wheat (Zhang & Oweis, 1999) , corn (B. Zhang, Yuan, J. Zhang, & Li, 2008) , cotton, peanut, and soybean (Woli, Jones, Ingram, & Hoogenboom, 2014) . According to these studies, although, λ value for a certain crop varies in different stages, for the entire growing season, it has a value close or equal to one, suggesting that yield has a linear relationship with ET.
FAO's Equation
Later, Doorenbos and Kassam (1979) Stewart, Hagan, and Pruitt (1976) , for corn, grain sorghum, and pinto beans.
To account for different growing stages Equation (5) is rewritten as:
The 
Shape of CWPF Curve
More than one hundred years of experimentation shows that ET and yield are linearly related, over the growing season (Vaux & Pruitt, 1983 Furthermore, experience shows that a minimum ET is necessary for a crop to start yield production; therefore, ET-yield line intercepts the ET axis at a value greater than zero. Yet, this characteristic is not captured by any of the equations developed so far. In Jensen's equation, zero yield results in zero ET and in FAO's equation, it renders some yield even when ET is equal to zero. Although both equations describe yield reduction due to ET deficit within an acceptable range (Raes et al., 2006) , they do not have realistic predictions for the minimum ET required for the start of yield production.
Available Water and Crop Yield Relationship
As explained in the terminology section, the relationship between available water and yield is not transferable. However, practically, available water is the variable used in irrigation and water management because the losses are part of any irrigation system. Available water is easier to measure and more tangible for farm managers. Therefore, many studies relate available water to crop yield. Some literature (Solomon, 1985; English, 1990) even has defined CWPF as the relationship between "water available for crops" and crop yield. This definition is not used in this paper, but the relationship is described here for clarification and future discussion.
General Form of Available Water-Yield Curve
The available water-yield relationship [AWYR] has the typical form illustrated in Figure 1 . A minimum amount of water needs to be available for a crop to start yield production. After this minimum amount the crop is still under water stress but yield production starts. The water applied to crop by rainfall and irrigation is lower than crop requirement and nearly all of it is stored in the root zone and efficiency is generally high. Therefore, crop yield increases linearly with an increased amount of available water up to about 50% of the water application requirement [WAR] . As amount of available water approaches adequacy, losses occur due to the non-uniformity and imprecision of the system and soil inhomogeneity. Then the function takes a curvilinear shape. After the total crop water requirement is reached, applying more water may decrease crop yield due to water logging, absence of air in the root zone, nutrient leaching, and plant diseases (English, 1990; Solomon, 1985) . The increasing limb (Zone I in Figure 1 ) and the decreasing limb (Zone II) of the curve are asymmetric because they are the result of different mechanisms. In Zone I, limited water results in increased soil water tension so that the crop water uptake is reduced. The crop responds to water stress with stomatal closure, which means less photosynthesis and less yield production. In agricultural water management, only Zone I is interesting, so most of the experimentally derived curves only describe Zone I. Figure 1 . General form of available water -yield curve (adapted from English, 1990) Note. WAR = Water Application Requirement.
Models for Describing Available Water and Yield Relationship
Different functional forms have been used to describe the curve of Figure 1 . Soybean yield (Yaron, 1967; Klocke, Eisenhauer, Specht, Elmore, & Hergert, 1989 ) was described by a quadratic function as:
where aw is the available water and a, b, and c are regression coefficients depending on crop type. This function, however, is symmetric around maximum yield. Solomon (1985) suggested a quartic equation based on the results of several field experiments for the 37 crops that he found in literature as follows:
So that the asymmetry of Zone I and Zone II can be incorporated into the function. In Equation (8) RAW is the relative available water or "the ratio of available water to that value of available water that corresponds to the maximum yield" (Solomon, 1985) . Solomon determined a 0 to a 4 (regression coefficients) for each of the 37 crops for low, medium, and high yield sensitivity to excess water. The function sometimes returns negative yields for RAW below 0.1, and sometimes, it predicts increasing yields in zone II. Hexem and Heady (1978) gave an extensive report of a collaborative experimentation on the effect of agricultural inputs and soil characteristics on crop yield. The study was conducted on corn (grain and silage), cotton, wheat, sugar, and beets in Colorado, Texas, Kansas, Arizona, California, and Oregon from 1968 to 1971. Study variables were plant population, depth of available water, amount of nitrogen applied per unit of area, soil pH, soil electrical conductivity, soil available water holding capacity (in upper 1.2 m of soil) and depth of pan evaporation over the silking period (defined as critical period). They defined a generalized equation relating the independent variables to the yield for each of the five crops. Since, in this study, the amount of available water (as opposed to the amount of consumed water or ET) was measured, the results are not transferable to other locations. In fact, in order to increase the correlation coefficient, they had to define an extra equation per crop for some of their experimental locations.
These kinds of functions, although informative, must not be used for yield prediction. A better practice would be defining yield based on ET and then accounting for system losses.
Discussion and Conclusion
Many variables are used to determine the relationship between water and crop yield; these are ET, available water, and amount of irrigation. Only ET has a physiological relationship with the yield. Available water contains losses in the field and irrigation ignores the effect of rainfall on the yield. Thus, field experiments need to aim to define the relationship between ET and yield. Such results are transferable. Vol. 8, No. 4; 2016 water is used in place of ET in Jenson's or FAO's equations, and other times the ET component in CWPF is interpreted as available water. It is important to understand the distinction between these two functions.
Evidence exists that AWYR is convex (Vaux & Pruitt, 1983) , as described by Solomon's equation and earlier works. The convex shape of the curve means that the marginal yield production per added unit of water decreases as the amount of available water increases (the derivative of the function is negative). Therefore, crop water use efficiency increases with deficit irrigation and indicates a potential economic benefit to deficit irrigation. Yet again, most field experiments indicate that CWPF has a linear shape for the entire growing season, based on which the Jensen and FAO equations were developed. The linearity of CWPF, if factual, implies that the marginal yield production per added unit of water is constant and water use efficiency does not change with deficit irrigation.
Because of the curvilinearity of AWYR, many researchers (for example English, 1990 or Smith, 2011 have recommended the practice of deficit irrigation as an on-farm water-saving method. On the other hand, linearity of CWPF does not justify such a practice because any reduction in ET has a constant amount of yield reduction. The difference between CWPF and AWYR is due to the loss terms; therefore, if the system losses can be avoided, AWYR curve approaches CWPF curve. This can be done by employing more efficient irrigation systems. So deficit irrigation has the same effect as increasing irrigation efficiency. In absence of losses and assuming a linear CWPF, there is no justification for deficit irrigation. Thus, deficit irrigation should only be practiced when increasing on-farm irrigation efficiency is not viable (due to financial, technological, or institutional constraints). Nevertheless, CWPF is a powerful tool for choosing crops in times of water scarcity.
Research on the shape of CWPF is not conclusive and these equations need to be validated against field data. Furthermore, they need to reflect the fact that yield production does not start until the crop evapotranspires a minimum amount of water. In times of water scarcity, the minimum required ET by the crop is an important factor in irrigation planning and decision making.
Although FAO's and Jensen's equations are widely used and relatively reliable, there is still value in field experiments to develop CWPF for different crops. There are several studies on common crops like wheat, corn, cotton, and soybeans, and research on these crops are still ongoing (for example see Trout, 2012 ). It will be valuable to define CWPF for other crops so farmers and water managers have more options when choosing crops under water scarcity. There is still need for more research in order to understand crop physiological responses to water shortage (Morison, Baker, Mullineaux, & Davies, 2007) and employing molecular genetic approaches to increase crop water productivity.
